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1. INTRODUCTION

Let
�

be a normal projective variety over the field � of complex numbers and � ������
	���
��������������
a dominantfamily of rationalcurvessuchthat for a generalpoint ��� � thesub-

family � � �!� of curvespassingthrough� is proper. Werecall[Kol96] that
�"���
	#��
��������$�����

is the

normalizationof thequasi-projective subsetof
	#%'&)(*���+�

whichparameterizesirreducibleandgener-

ically reducedrationalcurves. It follows from Mori’s classicalwork [CKM88] that sucha family

existse.g.if
�

is aFanomanifold.

In thissetupwe obtainthefollowing diagram:

, -
.

�

�/�
where

, � �10 � is theuniversalfamily. If �2� � is ageneralpoint,wehave therestricteddiagram

, � -43
. 3

5 &768�'��� � � � � �

�
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The topic of this paper is to outline a proof showing that there are only finitely many curves

parametrizedby � � which aresingularat � . As an immediateapplicationwe will give a new char-

acterizationof theprojective spacein termsof rationalcurves. This generalizesKobayashi-Ochiai’s

theorem[KO73] to normalvarieties.A detailedproof,containingall thetedioustechnicalities,canbe

foundin [Keb00] andwill bepublishedelsewhere.

Thepresentarticlesummarizesatalk givenat theSaitamaconferencefor AlgebraicGeometryheld

in 2000.Theauthorexpresseshis thanksto Prof.F. Sakaifor theinvitation. Theresultsweregained

while theauthorwasvisiting RIMS in Kyoto, andthe authorwould like to thankProf. Y. Miyaoka

whoactedasahostduringthatperiod.

2. BOUNDS FOR THE FAMILY OF SINGULAR CURVES ON
�

Beforestatingtheresultit is convenientto introducethefollowing notation.

Notation2.1. Call anirreduciblecurve <=� � “immersed”if thenormalizationmorphism>@?*A<CB
< hasrank oneeverywhere. Let �ED
FHGJI� �K� � be the closedsubfamily of singularcurves and let

��DLFHGJI8M GJF� �N��D
FHGOI� betheclosedsubfamily of non-immersedcurvesthrough � . Finally, let ��D
FHGOI�M �� �
��DLFHGJI� betheclosedsubfamily of curveswhichhave asingularityat � .

Thefollowing is themainresultof thispaper:

Theorem 2.2. In thesetupdescribedin theintroductionthefollowingholds.

1. Theparameterspace� D
FHGJI8M �� is at mostfinite.

2. If there existsa line bundle PQ�SRUT 6V����� which intersectsthe curveswith multiplicity 2, then

� D
FHGJI�M �� is empty.

Theremainderof section2 will beconcernedwith asketchof theproof of theorem2.2. Theproof

is ratherlengthysothatwesubdivide it into severalsteps.

1. Assumethat �ED
FHGJI8M �� is notemptybecauseotherwisethereis nothingto prove.

2. Replacetheuniversalfamily
, � by a family whereall fibersaresingularplanecubics.

3. Show thateachof thefollowing assumptionsyieldsacontradiction:

(a) All curvesareimmersed.

(b) No curve is immersed.

(c) Thereexistsa line bundleof degreetwo.

4. Conclude.

2.1. Step (1) of the proof. A technicaldimensioncount—which we arenot going to detail in this

outline—shows that W
TYXZ� DLFHGJI� [

W
TYX\� D
FHGJI8M �� ]N^�_

Thus, the assumptionimplies that

W
T`XZ�ED
FHGJI� [a^ , and we fix a proper1-dimensionalsubfamily

�2b$�!� D
FHGJI� .
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FIGURE 2.1. Replacingsingularcurvesby planecubics

2.2. Step (2) of the proof. Considerthediagram

A, j
normalization

f.
,

.
� b

(2.1)

After performingaseriesof finite basechanges,if necessary, wecanassumethatthefollowing holds:

1. �kb is smooth.

2. A, is a lnm -bundleover �2b . See[Kol96, thm. II.2.8] for this.

3. Thereexistsacurve op� , D
FHGOI containedin thesingularlocusof
,

suchthat qUr s is isomorphic.

For this, let o bethenormalizationof asuitablecomponentof
, D
FHGJI .

4. Thereexistsa subschemeAot�u>wv m � o � whoserestrictionto all Aq -fibersis of length2. For this,

let Ao bethenormalizationof acurve in xyT 54z�{ � >|v m � o ��}~��� andnotethattherelative x"T 5Yz -functor

commuteswith basechange.This is a bit technical,andwe donotgo into detailshere.

In this setupwe would like to extendthediagram(2.1) to

A,
� e

j
normalization

f.

,

., b
� g

� . h
�

whereall fibersof q�b arerationalcurveswith a singlecuspor node,i.e. isomorphicto a planecubic.

Figure2.1depictsthissetup.Herewe explainonly how to do this locally.
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FIGURE 2.2. Family of immersedcurves

Knowing that A, is a l m -bundleover �2b , we find an(analytic)openset �����kb with coordinate� ,
identify anopensubsetof Aq�v m � � � with � 0 � , chooseabundlecoordinate� andwrite

Ao"�����
{ ��� � � �L�

where � is a functionon � . Wewould thendefine � to be

��?1� 0 � B � 0 � {� �|��� � �B � �w��� {�� � � � � ��� � � {�� � � � �����
A direct calculationshows that theselocally definedmorphismsglue togetherto give a globalmor-

phism ��?"A, B , b , thata morphism��? , b B ,
existsandthattheinducedmap q b �uq��#� hasthe

desiredproperties.

2.3. Step (3) of the proof. In orderto concludein thenext step,wehave to ruleoutseveralpossibil-

ities for thegeometryof
, b . We do this by reducingto theabsurd,i.e. we assumethat thesesettings

exist andderive acontradiction.

2.3.1. Thecasewhere all curvesare immersed. If all curvesassociatedwith �2b areimmersed,then

the constructionoutlinedabove will automaticallygive a family
, b whereall fibersareisomorphic

to nodalplanecubics—seefigure2.2. Let �w���aA, be thesectionwhich is contractedto thepoint

��� � (drawn asa solid line) andconsiderthe preimageof the singularlocus � v m ��, bD
FHGOI
�
. After

anotherfinite basechange,if necessary, we may assumethat this setdecomposesinto two disjoint

components�nv m ��, bD
FHGJI
� �=�|���E� m , drawn asdashedlines . Thatway we obtainthreesections�w� ,

��m and �$� in A, , where �$� canbecontractedto a point and � � , ��m aredisjoint. But thenit follows

from anelementarycalculationwith intersectionnumbersthateither � � �N�w� or that ��m��N�$� . This

however, is impossible,becausethentheSteinfactorizationof � �"�#� would contractboth � � and ��m ,
but ruledsurfacesallow atmostasinglecontractablesection.

Remark2.3. Thissetuphasalreadybeenconsideredby severalauthors.Seee.g.[CS95].

2.3.2. Thecasewhere no curveis immersed. If no curve associatedwith �kb is immersed,thenthe

curves o and Ao in theconstructioncanbechosensothat
, b is a family whereall fibersareisomorphic



BOUNDS FOR FAMILIES OF SINGULAR RATIONAL CURVES 5

A,
cVd

-bundle

j
normalization

f. family of non-immersedcurves

, b

.~h
� b

FIGURE 2.3. Family of immersedcurves

to cuspidalplanecubics.Seefigure2.3. Againwelet �w�¡�¢A, bethesectionwhichcanbecontracted

andlet � � bethepreimageof thesingularities.Thatwaywe obtaintwo sections.

In orderto obtaina third one,remarkthat if <£�Sl { is a cuspidalplanecubicand �¤��RUT 6V� < � a

line bundleof positive degree ¥E¦N§ , thenthereexistsa uniquepoint ¨E�©<�ª'« I suchthat ¬®­ � ¥¯¨ �#°�
� . Thus,usingthepull-backof anampleline bundle P±���³²�RUT 6����+� , we obtaina third section��m
which is disjoint from � � . Now concludeasabove. This time, however, it is not obvious thatneither

� � nor ��m coincideswith �$� . Actually, this is truebecause�©� � waschosento bea generalpoint.

Theproof for this is rathertechnicalandcanbefoundin [Keb00].

2.3.3. Thecasewhere a line bundleof degree2 exists. In orderto derive a contradictionto the as-

sumptionthata line bundle P of degree2 exists,we arguealongthesamelinesasabove, notingthat

if <±�\l { is acuspidalnodalplanecubicand �´�!RUT 6V� < � a line bundleof degree2, thenthereexist

exactly two points ¨ � , ¨7m"�+< ª'« I suchthat ¬ ­ �¶µ ¨�· ��°� � . Thesewill give two sections� � , ��m"�´A, ,

andagainwe referto [Keb00] for aproof thatthesearedisjointanddo not coincidewith � � .

2.4. Step (4) of the proof. If a line bundle P��@RUT 6V���+� of degreetwo exists,thenit follows from the

resultsof section2.3.3that

W
TYXZ�ED
FHGJI� �N§ . But sincethedimensioncountalreadymentionedgivesW

TYXZ� DLFHGJI� [
W
TYX\� D
FHGJI8M �� ]N^ �

we obtainthat

W
TYX\�ED
FHGJI�M �� ¸ § , i.e. ��D
FHGJI8M �� ��¹ . Thisprovesassertion(2) of theorem2.2.

In theothercasewe assumethat

W
T`X���D
FHGJI�M �� [1^ , i.e.

W
TYXZ��D
FHGJI� [ µ andoneof the following

musthold

1. �ED
FHGJI� parameterizesonly immersedcurves

2. � D
FHGJI� parameterizesonly non-immersedcurves

3. � D
FHGJI� parameterizesbothimmersedandnon-immersedcurves

It turnsout,however, thatnoneof thesepossibilitiesoccurs

1. Hasbeenruledout in section2.3.1above.

2. Hasbeenruledout in section2.3.2above.
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3. It follows from an argumentof Kollár that the closedsubfamily of non-immersedcurves is

always of codimensionat least one. Thus, the subfamily �ED
FHGJI8M GJF� � �ED
FHGJI� is positive-

dimensional,whichhasbeenruledout in section2.3.2.

Thisendstheproofof theorem2.2.

3. CHARACTERIZATION OF PROJECTIVE SPACES

As animmediateapplicationto theorem2.2, wegiveanew characterizationof theprojectivespace.

Theorem 3.1. Let
�

be a normal projective variety definedover � , P �ºRUT 6V����� and � ������
	���
��������������
an irreduciblecomponent.Let ��� 5 &¯68�'��� � � be a general closedpoint. Assume

that � � is properandthat
5 &768�'��� � � � � � . If P _ <u� µ for a curve <±�@� , then

�»°� l � .
A similar resultis given in [KS99] if

�
hasat most ¼ -factorialsingularities.It follows from the

classicresultsof Mori, when
�

is a Fano-manifoldand
��½�¾ _ <¤¦

W
TYX � for all rationalcurves

<¿� � , thena family � existswhere � � is properand
5 &768�'��� � � � � � . Again we only outlinea

proof hereandreferto [Keb00] for adetailedversion.

Proof. Let A, � and A�/� bethenormalizationsof theuniversalfamily
, � andtheparameterspace� � ,

respectively. Considertheinduceddiagram

A, � f- 3
Aq'�cÀd

-bundle

�

A� �
By theorem2.2, all curvesassociatedwith � � aresmoothat � . It thenfollows from anargumentation

of Miyaoka(seee.g.[Kol96, V.3.7.5])that A�¶� is birational.We claim that A� � is smooth;this follows

from [Kol96, II.3] if
�

is a manifold,but alsoholdsfor normalvarieties;we will, however, not give

theproofhere.In particular, it follows that A, � is smooth.

But then A�¶� must be isomorphicaway from the section �$� ?Á� A�Âv m� � � � , which is contracted:

otherwise,Zariski’s main theoremassertsthat thereexists a point �|b/� � and a positive dimen-

sionalsubfamily of curvespassingthroughboth � and � b . But Mori’s bend-and-breakargument(see

e.g.[CKM88]) saysthatthiscannothappenif � � is proper. In particular, since A, � is smoothit follows

that
�

is smooth.

In thissetting,anelementarytheoremof Mori yieldstheclaim. See[Kol96, V.3.7.8].
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