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1. INTRODUCTION

Let X be a normal projectve variety over the field C of complex numbersand H C
RatCurves™(X) a dominantfamily of rationalcurvessuchthatfor a generalpointz € X the sub-
family H, C H of curvespassinghroughz is proper We recall[K0196] thatRatCurves™(X) is the
normalizationof the quasi-projectie subsebf Chow (X ) which parameterizesreducibleandgener

existse.g.if X is aFanomanifold.
In this setupwe obtainthefollowing diagram:

U——X

H,

whereU C X x H istheuniversalfamily. If z € X is agenerapoint,we have therestricteddiagram

U, —=> locus(H,) C X

wxl

H
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The topic of this paperis to outline a proof shaving that there are only finitely mary curves
parametrizedy H, which aresingularat z. As animmediateapplicationwe will give a new char
acterizationof the projective spacen termsof rationalcurves. This generalize«obayashi-Ochias
theorem{KO73 to normalvarieties.A detailedproof, containingall thetedioustechnicalitiescanbe

Thepresentrticlesummarizesitalk givenatthe Saitamaconferencdor AlgebraicGeometryheld
in 2000. The authorexpressesis thanksto Prof. F. Sakaifor the invitation. Theresultsweregained
while the authorwasvisiting RIMS in Kyoto, andthe authorwould like to thank Prof. Y. Miyaoka
who actedasa hostduringthatperiod.

2. BOUNDS FOR THE FAMILY OF SINGULAR CURVES ON X

Beforestatingtheresultit is corvenientto introducethefollowing notation.

Notation2.1 Call anirreduciblecure C' C X “immersed”if the normalizationmorphismy : C' —
C hasrank one everywhere. Let H3™ c H, bethe closedsubfmily of singularcurves andlet
HSmen — pr8ine hethe closedsubfmily of non-immerseaunesthroughz. Finally, let H5 &% ¢
H3™& pethe closedsubfmily of curveswhich have asingularityat z.

Thefollowing is the mainresultof this paper:

Theorem 2.2. In thesetupdescribedn theintroductionthefollowing holds.

1. TheparameterspaceH; "&* is at mostfinite.

2. If there existsa line bundle L € Pic(X) which intersectsthe curveswith multiplicity 2, then
HS™82 js empty

Theremaindeof sectionZ will beconcernedvith a sketchof the proof of theoren.2 The proof
is ratherlengthysothatwe subdvide it into severalsteps.

1. Assumethat H5"87 is notemptybecaus®therwisethereis nothingto prove.
2. Replaceheuniversalfamily U, by afamily whereall fibersaresingularplanecubics.
3. Show thateachof thefollowing assumptiongieldsa contradiction:
(a) All curvesareimmersed.
(b) No curweisimmersed.
(c) Thereexistsaline bundleof degreetwo.
4. Conclude.

2.1. Step (1) of the proof. A technicaldimensioncount—which we arenot goingto detailin this
outline—shaws that

dim HSM& > dim HY™82 4 1.
Thus, the assumptionmplies that dim H5"® > 1, andwe fix a proper 1-dimensionalsubamily
H' C H;™.
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FIGURE 2.1. Replacingsingularcurvesby planecubics

2.2. Step (2) of the proof. Considerthediagram

n

normalization
X /

HI

(2.1) U

After performingaseriesof finite basechangesif necessarywe canassumehatthefollowing holds:

1. H' is smooth.

. UisaP;-bundleover H'. See[K0l96, thm. 11.2.8] for this.

3. Thereexistsacurwe s C Usi,g containedn thesingularlocusof U suchthatr | is isomorphic.
For this, let s bethe normalizationof a suitablecomponendf Us;yg.

4. Thereexistsa subschemé& C n~!(s) whoserestrictionto all 7-fibersis of length2. For this,
let 5 bethenormalizationof acurvein Hilby (=1 (s)/X) andnotethattherelative Hilb-functor

commuteswvith basechange Thisis abit technicalandwe do notgo into detailshere.

N

In this setupwe would like to extendthe diagram(2.3) to

n

~ normalization 7

whereall fibersof =’ arerationalcurveswith a singlecuspor node,i.e. isomorphicto a planecubic.
FigureZ.3 depictsthis setup.Herewe explain only how to dothis locally.
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FIGURE 2.2. Family of immerseccurves

Knowing thatT is alP;-bundleover H’, we find an (analytic)opensetV ¢ H' with coordinate,
identify anopensubsebf # 1 (V) with V' x C, choosea bundlecoordinatex andwrite

§={u? = f(v)}
wheref is afunctionon V. We would thendefinea to be
a: VxC — V x C?

(v,u) = (v,0 = f(v),u(u® = f(v)))
A direct calculationshavs that theselocally definedmorphismsglue togetherto give a global mor-

phisma : U — U’, thatamorphismg : U’ — U existsandthattheinducedmapn’ = = o 3 hasthe
desiredproperties.

2.3. Step (3) of the proof. In orderto concluden the next step,we have to rule out several possibil-
ities for the geometryof U’. We do this by reducingto the absurdj.e. we assumehatthesesettings
exist andderive a contradiction.

2.3.1. Thecasewhee all curvesare immesed. If all curvesassociateavith H' areimmersedthen
the constructionoutlined abave will automaticallygive a family U’ whereall fibersareisomorphic
to nodalplanecubics—seefigure 2.2 Let o, C U bethe sectionwhich is contractedo the point
z € X (drawvn asa solid line) and considerthe preimageof the singularlocu5a—1(Uéing). After
anotherfinite basechange|f necessarywe may assumehatthis setdecomposemto two disjoint
componentm‘l(Uéing) = 09 U g1, drawn asdashedines. Thatway we obtainthreesectionssy,
o1 andoy in U, whereo,, canbe contractedo a pointandoy, o1 aredisjoint. But thenit follows
from anelementarycalculationwith intersectiomumberghateitheroy = o, orthato; = o,. This
however, is impossible becausghenthe Steinfactorizationof «,, o 8 would contractbothoy andoy,
but ruledsurfacesallow at mosta singlecontractablesection.

Remark2.3. This setuphasalreadybeenconsideredy severalauthors.Seee.g.[CS9].

2.3.2. Thecasewheke no curveis immesed. If no curve associateavith H' is immersedthenthe
cuness ands in theconstructiorcanbe chosersothatlU’ is afamily whereall fibersareisomorphic
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FIGURE 2.3. Family of immerseccurves

to cuspidalplanecubics.Seefigure2.3. Againwelet o, C U bethesectiorwhich canbecontracted
andlet oy bethe preimageof the singularities. Thatway we obtaintwo sections.

In orderto obtainathird one,remarkthatif C' C Py is a cuspidalplanecubicand H C Pic(C) a
line bundleof positve degreek > 0, thenthereexistsa uniquepointy € Creg suchthatOc(ky) =
H. Thus,usingthe pull-backof anampleline bundle L € §* Pic(X), we obtaina third sectiono;
which is disjointfrom o. Now concludeasabove. This time, however, it is notobviousthatneither
op nor oy coincideswith o,. Actually, thisis truebecause: € X waschoseno beagenerabpoint.

2.3.3. Thecasewhee a line bundle of deggree 2 exists. In orderto derive a contradictionto the as-
sumptionthata line bundle L of degree2 exists, we arguealongthe samelinesasabove, notingthat
if C C Py is acuspidalnodalplanecubicandH C Pic(C) aline bundleof degree2, thenthereexist
exactly two pointsyo, y1 € Creg SuchthatOc¢(2y;) = H. Thesewill give two sectionsog, o1 C U,

2.4. Step (4) of theproof. If aline bundleL € Pic(X) of degreetwo exists, thenit follows from the
resultsof section?.3.3thatdim Hy "¢ = 0. But sincethe dimensioncountalreadymentionedives

dim HSM& > dim HY"82 4 1,

we obtainthatdim H "8 < 0, i.e. Hy " = . This provesassertior(2) of theoren?.2
Sing,z

In the othercasewe assumeéhat dim H;, > 1, i.e.dimHSing > 2 andoneof thefollowing
musthold

1. HS™& parameterizesnly immersedcurves
2. H3™8 parameterizesnly non-immerseaunes
3. H;™® parameterizebothimmersedandnon-immersedurves

It turnsout, however, thatnoneof thesepossibilitiesoccurs

1. Hasbeenruledoutin section?.3.1above.
2. Hasbeenruledoutin section?.3.2above.
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3. It follows from an agumentof Kollar that the closedsubfamily of non-immerseccunesis
aways of codimensionat leastone. Thus, the subamily Hy "™ < H5™ is positive-
dimensionalwhich hasbeenruledoutin section2.3.2

This endsthe proof of theoren?.2.

3. CHARACTERIZATION OF PROJECTIVE SPACES

As animmediateapplicationto theoreni.2, we give anew characterizationf the projectie space.

Theorem 3.1. Let X be a normal projective variety definedover C, L € Pic(X) and H C
RatCurves™(X) an irreduciblecomponent.Let z € locus(H) be a generl closedpoint. Assume
that H is properandthatlocus(H;) = X. If L.C = 2 foracurveC € H, thenX = P,.

A similar resultis givenin [KS99] if X hasat mostQ-factorialsingularities.lt follows from the
classicresultsof Mori, when X is a Fano-manifoldand — K x.C > dim X for all rational curves
C C X, thenafamily H existswhereH, is properandlocus(H,) = X. Again we only outlinea

Proof. Let U, and H, bethenormalization®f the universalfamily U, andthe parametespaceH,,
respectiely. Considertheinduceddiagram

i
~
8

Ty
P1-bundle

8

oy

x

By theoren.2, all curvesassociatesvith H, aresmoothatz. It thenfollows from anargumentation
of Miyaoka (seee.qg.[K0l96, V.3.7.5])thati, is birational. We claim that F,, is smooth;this follows
theproofhere.In particular it follows thatT, is smooth.

But then i, must be isomorphicaway from the sectiono, := i, '(z), which is contracted:
otherwise,Zariski's main theoremassertghat thereexists a point z/ € X anda positve dimen-
sionalsubfimily of curvespassinghroughbothz andz’. But Mori's bend-and-breakigument(see

that X is smooth.
In this setting,an elementarytheoremof Mori yieldsthe claim. See[K0l96, V.3.7.8]. O
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